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Abstract. Piecewise divergence-free H(div)-nonconforming virtual elements
are designed for Stokes problem in any dimensions. After introducing a lo-
cal energy projector based on the Stokes problem and the stabilization, a
divergence-free nonconforming virtual element method is proposed for Stokes
problem. A detailed and rigorous error analysis is presented for the discrete
method, including the norm equivalence of the stabilization on the kernel of
the local energy projector, the interpolation error estimate, the discrete inf-sup
condition, and the optimal error estimate of the discrete method. An impor-
tant property in the analysis is that the local energy projector commutes with
the divergence operator. A reduced virtual element method is also discussed.
Numerical results are provided to verify the theoretical convergence.
1. Introduction
In this paper, we shall construct piecewise divergence-free H(div)-nonconforming
virtual elements for Stokes problem in any dimensions. Assume that Ω ⊂ Rd (d ≥ 2)
is a bounded polytope. The Stokes problem is governed by
(1.1)

− div(νε(u))−∇p = f in Ω,
divu = 0 in Ω,
u = 0 on ∂Ω,
where u is the velocity field, p is the pressure, ε(u) := (∇u + (∇u)ᵀ)/2 is the
symmetric gradient of u, external force field f ∈ L2(Ω;Rd), and constant ν > 0
is the viscosity. The incompressibility constraint divu = 0 in (1.1) describes the
conservation of mass for the incompressible fluid.
Since the nonconforming P1-P0 element is a stable pair for the Stokes prob-
lem [21], as the generalization of the nonconforming P1 element, it is spontaneous
that the H1-nonconforming virtual element in [5] is adopted to discretize the Stokes
problem in [13, 25]. While the incompressibility constraint is not satisfied exactly in
general at the discrete level for the discrete methods in [13, 25], which is very impor-
tant for the Brinkman problem [28] and the Navier-Stokes problem [24]. To design
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the discrete method with the exact divergence-free discrete velocity, one idea is to
combine the discontinuous Galerkin technique and the H(div)-conforming finite el-
ements or virtual elements, such as the discontinuous Galerkin H(div)-conforming
method [18] and the divergence-free weak virtual element method [16]. The more
compact idea in [7, 6, 2] is to construct divergence-free conforming virtual elements
in two and three dimensions by defining the space of shape functions through the
local Stokes problem with Dirichlet boundary condition. By enriching an H(div)-
conforming virtual element with some divergence-free functions, a divergence-free
nonconforming virtual element in two dimensions is advanced in [29], in which each
element in the partition is required to be convex. We refer to [12] for a virtual
element method based on the pseudostress-velocity formulation.
Following the ideas in [15, 22], we shall devise piecewise divergence-free H1-
nonconforming virtual elements in any dimensions based on the generalized Green’s
identity for Stokes problem, which are also H(div)-nonconforming. The degrees of
freedom of the proposed virtual elements for the velocity are same as those in [13],
i.e. d copies of the degrees of freedom of the H1-nonconforming virtual elements in
[5]. And the space of shape functions V k(K) for the velocity is defined from the
local Stokes problem with Neumann boundary condition, which is different from
that in [7] due to the constraint on the boundary. Our virtual elements are locally
divergence-free since divV k(K) = Pk−1(K).
A novelty of this paper is to introduce a local energy projector ΠKk : H
1(K;Rd)→
Pk(K;Rd) based on the Stokes problem:
(ε(ΠKk w), ε(v))K + (div v, P
Kw)K = (ε(w), ε(v))K ∀ v ∈ Pk(K;Rd),
(div(ΠKk w), q)K = (divw, q)K ∀ q ∈ Pk−1(K),
while the local H1 projector is adopted in all the previous papers. The local Stokes-
based projector ΠKk commutes with the divergence operator, i.e.
(1.2) div(w −ΠKk w) = 0 ∀ w ∈ V k(K).
Then we define a stabilization involving all the degrees of freedom of the virtual ele-
ments for the velocity except those corresponding to Gk−2(K) := ∇Pk−1(K). With
the help of the local projector ΠKk and the stabilization, we propose a piecewise
divergence-free nonconforming virtual element method for Stokes problem, where
the velocity is discretized by the virtual elements and the pressure is discretized by
the piecewise polynomials. Furthermore, applying the technique in [7, 17, 26], we
remove the degrees of freedom corresponding to Gk−2(K) for the velocity, reduce
the space of shape functions V k(K) to V˜ k(K) = {v ∈ V k(K) : div v ∈ P0(K)},
and then derive the reduced virtual element method, in which the pressure is dis-
cretized by the piecewise constant. Hence we can first acquire the discrete velocity
by solving the reduced discrete method, and then recover the discrete pressure
elementwisely.
A detailed and rigorous error analysis is presented for the piecewise divergence-
free nonconforming virtual element method. We first prove the inverse inequality
(1.3) hK‖ div ε(v) +∇s‖0,K . ‖ε(v)‖0,K ∀ v ∈ V k(K)
by using the fact that ‖curl·‖0,K is a norm on the finite-dimensional spaceG⊕k−2(K),
where G⊕k−2(K) ⊆ Pk−2(K;Rd) satisfies Pk−2(K;Rd) = G⊕k−2(K)⊕Gk−2(K). Then
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we derive the norm equivalence of the stabilization on the kernel of the local pro-
jector ΠKk from (1.2) and (1.3). The interpolation error estimate is acquired after
setting up the Galerkin orthogonality of the interpolation operator. With the norm
equivalence of the stabilization and the interpolation error estimate, we build up
the discrete inf-sup condition, and thus the piecewise divergence-free nonconform-
ing virtual element method is wellposed. Finally the optimal error estimate comes
from the discrete inf-sup condition and the interpolation error estimate in a stan-
dard way.
The rest of this paper is organized as follows. In Section 2, we present some
notation and inequalities. The divergence-free nonconforming virtual elements,
local energy projector, stabilization and interpolation operator are constructed in
Section 3. We show the divergence-free nonconforming virtual element method for
the Stokes problem and its error analysis in Section 4. A reduced virtual element
method is given in Section 5. In Section 6, numerical results are provided to verify
the theoretical convergence.
2. Preliminaries
2.1. Notation. Denote by M the space of all d × d tensors, S the space of all
symmetric d×d tensors, and K the space of all skew-symmetric d×d tensors. Denote
the deviatoric part and the trace of the tensor τ by dev τ and tr τ accordingly, then
we have
dev τ = τ − 1
d
(tr τ )I.
Given a bounded domain K ⊂ Rd and a non-negative integer m, let Hm(K) be the
usual Sobolev space of functions on K, andHm(K;X) be the usual Sobolev space of
functions taking values in the finite-dimensional vector space X for X beingM, S, K
or Rd. The corresponding norm and semi-norm are denoted respectively by ‖·‖m,K
and | · |m,K . Let (·, ·)K be the standard inner product on L2(K) or L2(K;X). If K
is Ω, we abbreviate ‖ ·‖m,K , | · |m,K and (·, ·)K by ‖ ·‖m, | · |m and (·, ·), respectively.
Let Hm0 (K;Rd) be the closure of C
∞
0 (K;Rd) with respect to the norm ‖ · ‖m,K .
For integer k ≥ 0, notation Pk(K) stands for the set of all polynomials over K with
the total degree no more than k. Set P−1(K) = P−2(K) = {0}. And denote by
Pk(K;X) the vectorial or tensorial version space of Pk(K). Let QKk (Q
K
k ) be the
L2-orthogonal projector onto Pk(K) (Pk(K;X)).
Let {Th} be a family of partitions of Ω into nonoverlapping simple polytopal
elements with h := max
K∈Th
hK and hK := diam(K). Let Frh be the set of all (d− r)-
dimensional faces of the partition Th for r = 1, 2. Moreover, we set for each K ∈ Th
Fr(K) := {F ∈ Frh : F ⊂ ∂K}.
Similarly, for F ∈ F1h, we define
F1(F ) := {e ∈ F2h : e ⊂ F}.
For any F ∈ F1h, denote by hF its diameter and fix a unit normal vector nF . For
any F ⊂ ∂K, denote by nK,F the unit outward normal to ∂K. Without causing
any confusion, we will abbreviate nK,F as n for simplicity.
For non-negative integer k, let
Pk(Th) := {v ∈ L2(Ω) : v|K ∈ Pk(K) for each K ∈ Th}.
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Define
H1(Th;Rd) := {v ∈ L2(Ω;Rd) : v|K ∈H1(K;Rd) for each K ∈ Th},
and the usual broken H1-type norm and semi-norm
‖v‖1,h :=
( ∑
K∈Th
‖v‖21,K
)1/2
, |v|1,h :=
( ∑
K∈Th
|v|21,K
)1/2
.
Let εh and divh be the piecewise counterparts of ε and div with respect to Th.
We introduce jumps on (d−1)-dimensional faces. Consider two adjacent elements
K+ and K− sharing an interior (d − 1)-dimensional face F . Denote by n+ and
n− the unit outward normals to the common face F of the elements K+ and K−,
respectively. For a scalar-valued or tensor-valued function v, write v+ := v|K+ and
v− := v|K− . Then define the jump on F as follows:JvK := v+nF · n+ + v−nF · n−.
On a face F lying on the boundary ∂Ω, the above term is defined by JvK := vnF ·n.
Denote the space of rigid motions by
RM := {c+Ax : c ∈ Rd, A ∈ K},
where x := (x1, · · · , xd)ᵀ. For any v := (v1, · · · , vd)ᵀ ∈ H1(K;Rd), curlv ∈
L2(K;K) is defined by
(curlv)ij :=
∂vi
∂xj
− ∂vj
∂xi
for i, j = 1, · · · , d.
For positive integer k, set Gk−2(K) := ∇Pk−1(K). Take G⊕k−2(K) being any sub-
space of Pk−2(K;Rd) such that
(2.1) Pk−2(K;Rd) = G⊕k−2(K)⊕Gk−2(K),
where ⊕ is the direct sum. One choice of G⊕k−2(K) is given by (3.11) in [3, 4]
(2.2) G⊕k−2(K) =
{
x⊥Pk−3(K), for d = 2,
x ∧ Pk−3(K;R3), for d = 3,
where x⊥ :=
(
x2
−x1
)
and ∧ is the exterior product. We can also take
(2.3) G⊕k−2(K) =
{
(x− xK)⊥Pk−3(K), for d = 2,
(x− xK) ∧ Pk−3(K;R3), for d = 3,
where xK is the centroid of K. Let Q
K
G⊕k−2
be the L2-orthogonal projector onto
G⊕k−2(K).
2.2. Mesh conditions and some inequalities. We impose the following condi-
tions on the mesh Th in this paper:
(A1) Each element K ∈ Th is star-shaped with respect to a ball BK ⊂ K with
radius hK/γK , where the chunkiness parameter γK is uniformly bounded;
(A2) There exists a quasi-uniform simplicial mesh T ∗h such that each K ∈ Th is
a union of some simplexes in T ∗h .
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Throughout this paper, we use “. · · · ” to mean that “≤ C · · · ”, where C is a generic
positive constant independent of the mesh size h and the viscosity ν, but may de-
pend on the chunkiness parameter of the polytope, the degree of polynomials k, the
dimension of space d, and the shape regularity and quasi-uniform constants of the
virtual triangulation T ∗h , which may take different values at different appearances.
And A h B means A . B and B . A.
Under the mesh condition (A1), we have the trace inequality of H1(K) [11,
(2.18)]
(2.4) ‖v‖20,∂K . h−1K ‖v‖20,K + hK |v|21,K ∀ v ∈ H1(K),
the Poincare´-Friedrichs inequality [11, (2.15)]
(2.5) ‖v‖0,K . hK |v|1,K + h1−d/2K
∣∣∣∣∫
∂K
v ds
∣∣∣∣ ∀ v ∈ H1(K),
and the Korn’s second inequality [23, 1]
(2.6) |v|1,K . ‖ε(v)‖0,K ∀ v ∈H1(K;Rd) satisfying QK0 (curlv) = 0.
Recall the Babusˇka-Aziz inequality [19, 8, 20]: for any q ∈ L2(K), there exists
v ∈H1(K;Rd) such that
(2.7) div v = q, h−1K ‖v‖0,K + |v|1,K . ‖q‖0,K .
When q ∈ L20(K), we can choose v ∈ H10(K;Rd). Combined with the proof of
Proposition 9.1.1 in [9], it holds for any τ ∈ L2(K;M) satisfying QK0 (tr τ ) = 0 that
[14, Lemma 3.4]
(2.8) ‖τ‖0,K . ‖ dev τ‖0,K + ‖ div τ‖−1,K .
Let Ks ⊂ Rn be the regular inscribed simplex of BK , where all the edges of Ks
share the common length. It holds for any nonnegative integers ` and i that [22,
Lemma 4.3 and Lemma 4.4]
(2.9) ‖q‖0,K h ‖q‖0,Ks ∀ q ∈ P`(K),
(2.10) ‖q‖0,K . h−iK ‖q‖−i,K ∀ q ∈ P`(K).
Lemma 2.1. For any nonnegative integers `, i and j, we have
(2.11) h−jK ‖q‖−j,K h h−iK ‖q‖−i,K ∀ q ∈ P`(K).
Proof. It is sufficient to prove
(2.12) ‖q‖0,K h h−iK ‖q‖−i,K ∀ q ∈ P`(K)
with i ≥ 1. Applying the Poincare´-Friedrichs inequality (2.5) recursively, we get
for any v ∈ Hi0(K) that
(q, v)K ≤ ‖q‖0,K‖v‖0,K . hK‖q‖0,K |v|1,K . · · · . hiK‖q‖0,K |v|i,K .
Then it follows
‖q‖−i,K = sup
v∈Hi0(K)
(q, v)K
|v|i,K . h
i
K‖q‖0,K ,
which together with (2.10) yields (2.12). 
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Recall the error estimates of the L2 projection. For each F ∈ F1(K) and non-
negative integer `, we have
‖v −QK` v‖0,K . h`+1K |v|`+1,K ∀ v ∈ H`+1(K),(2.13)
‖v −QF` v‖0,F . h`+1/2K |v|`+1,K ∀ v ∈ H`+1(K).(2.14)
Lemma 2.2. We have for any q ∈ Pk−1(K) that
(2.15) ‖q‖0,K . sup
w∈Pk(K;Rd)
(divw, q)K
h−1K ‖w‖0,K + |w|1,K
.
Proof. Due to (2.7), there exists v ∈H1(Ks;Rd) such that
div v = q|Ks h−1Ks‖v‖0,Ks + |v|1,Ks . ‖q‖0,Ks .
Let IBDMKs : H
1(Ks;Rd)→ Pk(Ks;Rd) be the Brezzi-Douglas-Marini interpolation
[9, 4], then
IBDMKs v = v ∀ v ∈ Pk(Ks;Rd),
div(IBDMKs v) = Q
Ks
k−1 div v = q|Ks ,
‖v − IBDMKs v‖0,Ks . hKs |v|1,Ks . hKs‖q‖0,Ks .
It follows from the inverse inequality (2.10) and (2.13) that
|IBDMKs v|1,Ks = |IBDMKs v −QKs0 v|1,Ks . h−1Ks‖IBDMKs v −QKs0 v‖0,Ks
. h−1Ks‖v − IBDMKs v‖0,Ks + h−1Ks‖v −QKs0 v‖0,Ks
. |v|1,Ks . ‖q‖0,Ks .
Noting that IBDMKs v ∈ Pk(Ks;Rd) can be spontaneously extended to the domain
K, let w ∈ Pk(K;Rd) such that w|Ks = IBDMKs v. Thus
(divw − q)|Ks = 0, h−1Ks‖w‖0,Ks + |w|1,Ks . ‖q‖0,Ks .
Again due to divw − q being a polynomial,
(divw − q)|Ks = 0 imples divw = q on K.
And it follows from (2.9)
h−1K ‖w‖0,K + |w|1,K . h−1Ks‖w‖0,Ks + |w|1,Ks . ‖q‖0,Ks ≤ ‖q‖0,K .
Therefore we arrive at (2.15). 
3. Divergence-Free Nonconforming Virtual Elements
We will construct the divergence-free nonconforming virtual elements for Stokes
problem in this section.
DIVERGENCE-FREE NONCONFORMING VIRTUAL ELEMENTS 7
3.1. Virtual elements. For any K ∈ Th, u,v ∈ H1(K;Rd) and p ∈ L2(K)
satisfying div ε(u) + ∇p ∈ L2(K;Rd), and (ε(u)n + pn)|F ∈ L2(F ;Rd) for each
F ∈ F1(K), it follows from the integration by parts
(ε(u), ε(v))K + (div v, p)K
=− (div ε(u) +∇p,v)K +
∑
F∈F1(K)
(ε(u)n+ pn,v)F .(3.1)
Following the ideas in [15, 22], suppose u ∈ Pk(K;Rd) and p ∈ Pk−1(K) temporar-
ily. Inspired by the Green’s identity (3.1), we propose the following local degrees
of freedom Nk(K) of the divergence-free nonconforming virtual elements for Stokes
problem
(v, q)F ∀ q ∈ Pk−1(F ;Rd) on each F ∈ F1(K),(3.2)
(v, q)K ∀ q ∈ Pk−2(K;Rd) = G⊕k−2(K)⊕Gk−2(K).(3.3)
Define the space of shape functions as
V k(K) := {v ∈H1(K;Rd) : div v ∈ Pk−1(K), there exists some
s ∈ L2(K) such that div ε(v) +∇s ∈ G⊕k−2(K),
and (ε(v)n+ sn)|F ∈ Pk−1(F ;Rd) ∀ F ∈ F1(K)}.
For any v ∈ Pk(K;Rd), since div ε(v) ∈ Pk−2(K;Rd), by the direct sum decom-
position (2.1) there exists s ∈ Pk−1(K) such that div ε(v) +∇s ∈ G⊕k−2(K). And
then (ε(v)n+ sn)|F ∈ Pk−1(F ;Rd) for each F ∈ F1(K), thus
Pk(K;Rd) ⊆ V k(K).
Lemma 3.1. The dimension of V k(K) is same as the number of the degrees of
freedom (3.2)-(3.3).
Proof. Consider the local Stokes problem with the Neumann boundary condition
(3.4)

−div(ε(u))−∇p = f1 in K,
divu = f2 in K,
ε(u)n+ pn = gF on each F ∈ F1(K),
where f1 ∈ G⊕k−2(K), f2 ∈ Pk−1(K), and gF ∈ Pk−1(F ;Rd). Employing the
Green’s identity (3.1), we acquire
(3.5) (ε(u), ε(v))K + (div v, p)K = (f1,v)K +
∑
F∈F1(K)
(gF ,v)F .
If taking v = q ∈ RM in (3.5), we have the compatibility condition
(3.6) (f1, q)K +
∑
F∈F1(K)
(gF , q)F = 0 ∀ q ∈ RM .
Given f1 ∈ G⊕k−2(K), f2 ∈ Pk−1(K), and gF ∈ Pk−1(F ;Rd) satisfying the compat-
ibility condition (3.6), due to (3.5), the weak formulation of the local problem (3.4)
is to find u ∈H1(K;Rd)/RM and p ∈ L2(K) such that
(3.7)
(ε(u), ε(v))K + (div v, p)K = (f1,v)K +
∑
F∈F1(K)
(gF ,v)F ,
(divu, q)K = (f2, q)K ,
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for all v ∈ H1(K;Rd)/RM and q ∈ L2(K). According to the Babusˇka-Brezzi
theory [9], the mixed formulation (3.7) is uniquely solvable.
On the other hand, if v ∈ V k(K) and there exist s1, s2 ∈ L2(K) such that
div ε(v) + ∇s1 ∈ G⊕k−2(K) and div ε(v) + ∇s2 ∈ G⊕k−2(K), then ∇(s2 − s1) ∈
G⊕k−2(K), which implies ∇(s2− s1) = 0 , and thus s2− s1 is a constant. Hence the
function s in the definition of V k(K) forms a one-dimensional vector space. As a
result, we have
dim(V k(K)/RM) = dimPk−2(K;Rd) +
∑
F∈F1(K)
dimPk−1(F ;Rd)− dimRM .
Furthermore, if all the data f1, f2 and gF vanish, then the solution u of the
local Stokes problem (3.4) belongs to RM . Therefore the dimension of V k(K) is
dimPk−2(K;Rd) +
∑
F∈F1(K)
dimPk−1(F ;Rd). 
Lemma 3.2. The degrees of freedom (3.2)-(3.3) are unisolvent for the local virtual
element space V k(K).
Proof. Let v ∈ V k(K) and suppose all the degrees of freedom (3.2)-(3.3) vanish.
We get from the integration by parts
‖ div v‖20,K = −(∇ div v,v)K + (div v,v · n)∂K = 0.
Thus div v = 0. Due to the definition of V k(K), there exists some s ∈ L2(K)
such that div ε(v) + ∇s ∈ G⊕k−2(K), and (ε(v)n + sn)|F ∈ Pk−1(F ;Rd) for each
F ∈ F1(K). Then it follows from (3.1) that
‖ε(v)‖20,K + (div v, s)K = 0,
which together with div v = 0 indicates v ∈ RM . Applying the integration by
parts,
‖∇v‖20,K = ((∇v)n,v)∂K = 0.
Therefore v is constant, and thus v = 0, as required. 
Remark 3.3. We have V 1(K) = P1(K;Rd) for k = 1, thus the virtual element
(K,N1(K),V 1(K)) is exactly the nonconforming P1 element in [21].
3.2. Local projection. With the degrees of freedom (3.2)-(3.3), define a local
operator ΠKk : H
1(K;Rd) → Pk(K;Rd) as follows: given w ∈ H1(K;Rd), let
ΠKk w ∈ Pk(K;Rd) and PKw ∈ Pk−1(K) be the solution of the local Stokes problem
(ε(ΠKk w), ε(v))K + (div v, P
Kw)K = (ε(w), ε(v))K ∀ v ∈ Pk(K;Rd),(3.8)
div(ΠKk w) = Q
K
k−1(divw),(3.9)
QK0 (curl Π
K
k w) = Q
K
0 (curlw),(3.10)
QK0 (Π
K
k w) = Q
K
0 w.(3.11)
Similarly as (3.2) in [11], an equivalent formulation of the local Stokes problem (3.8)-
(3.11) is
((ΠKk w,v))K + (div v, P
Kw)K = ((w,v))K ∀ v ∈ Pk(K;Rd),
(div(ΠKk w), q)K = (divw, q)K ∀ q ∈ Pk−1(K),
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where
((w,v))K := (ε(w), ε(v))K +Q
K
0 (curlw) : Q
K
0 (curlv) +Q
K
0 w ·QK0 v
with symbols : and · being the inner products of the tensors and vectors respectively.
The inf-sup condition (2.15) indicates (Pk(K;Rd), Pk−1(K)) is a stable pair for
Stokes problem, thus the local Stokes problem (3.8)-(3.11) is uniquely solvable. To
simplify the notation, we will rewrite ΠKk as Π
K . Apparently the projector ΠK can
be computed using only the degrees of freedom (3.2)-(3.3). The unique solvability
of the local Stokes problem (3.8)-(3.11) implies the operator ΠK is a projector, i.e.
(3.12) ΠKq = q ∀ q ∈ Pk(K;Rd).
It follows from (3.10)-(3.11), (2.13)-(2.14) and the Korn’s second inequality (2.6)
that
(3.13) ‖v‖0,K + hK |v|1,K +
∑
F∈F1(K)
h
1/2
K ‖v‖0,F . hK‖ε(v)‖0,K ∀ v ∈ ker(ΠK),
where ker(ΠK) := {v ∈ H1(K;Rd) : ΠKv = 0}. Due to (3.9), the local Stokes-
based projector ΠK commutes with the divergence operator, i.e.
(3.14) div(v −ΠKv) = 0 ∀ v ∈ V k(K).
By the Babusˇka-Brezzi theory [9], we get from the inf-sup condition (2.15) that
‖ε(ΠKw)‖0,K + ‖PKw‖0,K
. sup
v∈Pk(K;Rd),q∈Pk−1(K)
(ε(ΠKw), ε(v))K + (div v, P
Kw)K + (div(Π
Kw), q)K
‖ε(v)‖0,K + ‖q‖0,K
= sup
v∈Pk(K;Rd),q∈Pk−1(K)
(ε(w), ε(v))K + (divw, q)K
‖ε(v)‖0,K + ‖q‖0,K ,
which means the stability
(3.15) ‖ε(ΠKw)‖0,K . ‖ε(w)‖0,K ∀ w ∈ H1(K;Rd).
3.3. Norm equivalence. Given w,v ∈H1(K;Rd), let the stabilization
SK(w,v) := h
−2
K
(
QKG⊕k−2
w,QKG⊕k−2
v
)
K
+
∑
F∈F1(K)
h−1F (Q
F
k−1w,Q
F
k−1v)F ,
and the local bilinear form
aKh (w,v) := (Q
K
k−1ε(w),Q
K
k−1ε(v))K + SK(w −ΠKw,v −ΠKv).
From (3.13) and (3.15), we have for any w,v ∈H1(K;Rd) that
(3.16) aKh (w,v) ≤
(
aKh (w,w)a
K
h (v,v)
)1/2 . ‖ε(w)‖0,K‖ε(v)‖0,K .
Henceforth we will assume the following norm equivalence holds
(3.17) hK‖curl q‖0,K h ‖q‖0,K ∀ q ∈ G⊕k−2(K).
We first prove the norm equivalence (3.17) for some special choices of G⊕k−2(K).
Lemma 3.4. When G⊕k−2(K) is the L2-orthogonal complement space of Gk−2(K)
in Pk−2(K;Rd), the norm equivalence (3.17) holds.
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Proof. Let r ∈ Pk−1(K) satisfy
(∇r,∇s)BK = (q,∇s)BK .
Then q − ∇r ∈ G⊕k−2(BK). Since ‖curl · ‖0,BK is a norm on G⊕k−2(BK), we get
from the scaling argument
‖q −∇r‖0,BK . hK‖curl (q −∇r)‖0,BK = hK‖curl q‖0,BK ≤ hK‖curl q‖0,K .
Using the fact q ∈ G⊕k−2(K), we obtain from (2.9)
‖q‖0,K ≤ ‖q −∇r‖0,K . ‖q −∇r‖0,BK . hK‖curl q‖0,K .
The other side follows from the inverse inequality (2.10). 
Lemma 3.5. If G⊕k−2(K) is given by (2.2) or (2.3), the norm equivalence (3.17)
holds.
Proof. We only give the proof of the case G⊕k−2(K) = x⊥Pk−3(K) for d = 2. For
any q ∈ Pk−3(K), noting the fact that (x⊥q)|BK ∈ G⊕k−2(BK), we achieve from the
scaling argument
‖x⊥q‖0,BK h hK‖curl (x⊥q)‖0,BK ,
which combined with (2.9) implies (3.17). 
Lemma 3.6. For any v ∈ V k(K), it holds
(3.18) hK‖ div ε(v) +∇s‖0,K . ‖ε(v)‖0,K .
Proof. Since div ε(v) +∇s ∈ G⊕k−2(K), we get from (3.17) and (2.10)
‖ div ε(v) +∇s‖0,K . hK‖curl (div ε(v) +∇s)‖0,K = hK‖curl (div ε(v))‖0,K
. h−1K ‖curl (div ε(v))‖−2,K . h−1K ‖ε(v)‖0,K ,
as required. 
For any F ∈ F1(K), let Rn−1F be the (n − 1)-dimensional affine space passing
through F , F1F (K) := {F ′ ∈ F1(K) : F ′ ⊂ Rn−1F }, and
λF := n
ᵀ
F
x− xF
hK
.
Apparently λF |F = 0. Define bubble function
bF :=
( ∏
F ′∈F1(K)\F1F (K)
λF ′
)( ∏
F ′∈F1F (K)
∏
e∈F1(F ′)
nᵀF ′,e
x− xe
hK
)
,
for each F ∈ F1(K).
Lemma 3.7. For each F ∈ F1(K), we have for any v ∈ V k(K)
(3.19)
∑
F ′∈F1F (K)
h
1/2
K
∥∥ε(v)n+ (s−QK0 (s+ 1d div v))n∥∥0,F ′ . ‖ε(v)‖0,K .
Proof. Let τ = ε(v) + (s−QK0 (s+ 1d div v))I for simplicity, then
div τ = div ε(v) +∇s ∈ G⊕k−2(K), QK0 (tr τ ) = 0.
Employing (2.8), (2.11) and (3.18), we get
‖τ‖0,K . ‖ dev τ‖0,K + ‖ div τ‖−1,K = ‖ dev(ε(v))‖0,K + ‖ div τ‖−1,K
. ‖ε(v)‖0,K + hK‖ div ε(v) +∇s‖0,K . ‖ε(v)‖0,K .(3.20)
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Since τn|F ′ is a polynomial for each F ′ ∈ F1F (K), we can regard τn|F ′ as the func-
tion on the (n− 1)-dimensional affine space Rn−1F . Then we extend the polynomial
τn|F ′ to Rn. For any x ∈ Rn, let xPF be the projection of x on Rn−1F . Define
EK(τn)(x) := (τn)(x
P
F ).
Let RnF ′ := {x ∈ Rn : xPF ∈ F ′}, and φF be a piecewise polynomial defined as
φF (x) =
b
2
FEK(τn), x ∈ RnF ′ , F ′ ∈ F1F (K),
0, x ∈ Rn\ ⋃
F ′∈F1F (K)
RnF ′ ,
then we have
(3.21) ‖φF ‖0,K .
∑
F ′∈F1F (K)
h
1/2
K ‖τn‖0,F ′ ,
(3.22) ‖τn‖20,F ′ h (τn,φF )F ′ .
Thus we obtain from (3.22), (3.20), the inverse inequality (2.10) and (3.18)∑
F ′∈F1F (K)
‖τn‖20,F ′ '
(
τ , ε(φF )
)
K
+ (div ε(v) +∇s,φF )K
. ‖τ‖0,K‖ε(φF )‖0,K + ‖div ε(v) +∇s‖0,K‖φF ‖0,K
. h−1K ‖ε(v)‖0,K‖φF ‖0,K .
which combined with (3.21) implies (3.19). 
With previous preparations, now we can prove the norm equivalence of the sta-
bilization on ker(ΠK) ∩ V k(K).
Lemma 3.8. The stabilization has the norm equivalence
(3.23) SK(v,v) h ‖ε(v)‖20,K ∀ v ∈ ker(ΠK) ∩ V k(K).
Proof. Let τ be defined as in the proof of Lemma 3.7. Since div v = 0 by (3.14), it
follows (
(s−QK0 (s+
1
d
div v))I, ε(v)
)
K
= 0.
Then we get from (3.18)
‖ε(v)‖20,K =
(
τ , ε(v)
)
K
= −(div τ ,v)K +
∑
F∈F1(K)
(τn,v)F
≤ ‖div τ‖0,K
∥∥QKG⊕k−2v∥∥0,K + ∑
F∈F1(K)
∥∥τn∥∥
0,F
‖QFk−1v‖0,F
≤ h−1K
∥∥QKG⊕k−2v∥∥0,K‖ε(v)‖0,K + ∑
F∈F1(K)
∥∥τn∥∥
0,F
‖QFk−1v‖0,F ,
which together with (3.19) implies
‖ε(v)‖20,K . SK(v,v).
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On the other hand, by the trace inequality (2.4) and (3.13),
SK(v,v) = h
−2
K
∥∥QKG⊕k−2v∥∥20,K + ∑
F∈F1(K)
h−1F ‖QFk−1v‖20,F
. h−2K ‖v‖20,K +
∑
F∈F1(K)
h−1F ‖v‖20,F
. h−2K ‖v‖20,K + |v|21,K . ‖ε(v)‖20,K ,
which ends the proof. 
Lemma 3.9. It holds for any v ∈ V k(K)
(3.24) aKh (v,v) h ‖ε(v)‖20,K .
Proof. Thanks to (3.15), it follows
‖QKk−1ε(v)‖20,K + ‖ε(v −ΠKv)‖20,K . ‖ε(v)‖20,K .
On the other side, we also have
‖ε(v)‖20,K = ‖QKk−1ε(v)‖20,K + ‖(I −QKk−1)ε(v)‖20,K
= ‖QKk−1ε(v)‖20,K + ‖(I −QKk−1)ε(v −ΠKv)‖20,K
≤ ‖QKk−1ε(v)‖20,K + ‖ε(v −ΠKv)‖20,K .
Thus
‖ε(v)‖20,K h ‖QKk−1ε(v)‖20,K + ‖ε(v −ΠKv)‖20,K .
Finally we derive the norm equivalence (3.24) from (3.23). 
3.4. Interpolation operator. Denote by IK : H
1(K;Rd) → V k(K) the canon-
ical interpolation operator based on the degrees of freedom (3.2)-(3.3). Since all
the values of the degrees of freedom (3.2)-(3.3) of v− IKv vanish, we have for any
v ∈H1(K;Rd)
(3.25) ΠK(v − IKv) = 0,
(3.26) div(IKv) = Q
K
k−1(div v).
Lemma 3.10. For any v ∈H1(K;Rd) and w ∈H1(K;Rd), we have the Galerkin
orthogonality
(3.27) aKh (v − IKv,w) = 0.
Proof. Using the integration by parts and the definition of IK , we get
QKk−1ε(v − IKv) = 0.
By the definition of IK again, we also have
SK(v − IKv,w −ΠKw) = 0.
Then it follows from (3.25) that
aKh (v−IKv,w) = (QKk−1ε(v−IKv),QKk−1ε(w))K +SK(v−IKv,w−ΠKw) = 0.
Therefore the Galerkin orthogonality (3.27) is true. 
Now we present the interpolation error estimate by the aid of the Galerkin or-
thogonality (3.27).
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Lemma 3.11. For any v ∈Hs(K;Rd) with positive integer s ≤ k + 1, we have
(3.28) ‖v − IKv‖0,K + hK |v − IKv|1,K . hsK |v|s,K .
Proof. Take any q ∈ Pk(K;Rd). We obtain from (3.24), (3.27) with w = q − IKv
and (3.16)
‖ε(q − IKv)‖20,K . aKh (q − IKv, q − IKv) = aKh (q − v, q − IKv)
. ‖ε(v − q)‖0,K‖ε(q − IKv)‖0,K .
Thus
‖ε(q − IKv)‖0,K . ‖ε(v − q)‖0,K ,
and then
‖ε(v − IKv)‖0,K ≤ ‖ε(v − q)‖0,K + ‖ε(q − IKv)‖0,K . ‖ε(v − q)‖0,K .
By the Bramble-Hilbert Lemma [10, Lemma 4.3.8], we get
‖ε(v − IKv)‖0,K . inf
q∈Pk(K;Rd)
‖ε(v − q)‖0,K . hs−1K |v|s,K .
Finally we conclude (3.28) from (3.13) and (3.25). 
4. Divergence-Free Nonconforming Virtual Element Method
We will present the divergence-free nonconforming virtual element method for
the Stokes problem (1.1) in this section. The variational formulation of the Stokes
problem (1.1) is to find u ∈H10(Ω;Rd) and p ∈ L20(Ω) such that
ν(ε(u), ε(v)) + (div v, p) = (f ,v) ∀ v ∈H10(Ω;Rd),(4.1)
(divu, q) = 0 ∀ q ∈ L20(Ω).(4.2)
4.1. Discretization. Define the global virtual element space for the velocity as
V h := {vh ∈ L2(Ω;Rd) :vh|K ∈ V k(K) for each K ∈ Th; QFk−1vh is continuous
through F for all F ∈ F1h; QFk−1vh = 0 if F ⊂ ∂Ω}.
And the discrete space for the pressure is given by
Qh = {qh ∈ L20(Ω) : qh|K ∈ Pk−1(K) for each K ∈ Th}.
Hereafter we always assume integer k ≥ 2.
By the definition of V h, we have
(4.3) QFk−1(JvhK) = 0 ∀ vh ∈ V h, F ∈ F1h.
Thanks to (3.6) in [14], we have
|vh|1,h . ‖εh(vh)‖0 ∀ vh ∈ V h.
Then similarly as Lemma 4.6 and Lemma 4.8 in [15], we get for any vh ∈ V h and
each F ∈ F1h
(4.4)
∥∥JvhK∥∥0,F . ∑
K∈∂−1F
h
1/2
K ‖ε(vh)‖0,K ,
and the discrete Poincare´ inequality
(4.5) ‖vh‖1,h . |vh|1,h . ‖εh(vh)‖0.
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And moreover for any vh ∈ V h, there exists w ∈ H10(Ω;Rd) such that (cf. [15,
Lemma 4.7])
(4.6) ‖vh −w‖0 + h|vh −w|1,h . h|vh|1,h.
Let Qlh : L
2(Ω) → Pl(Th) be the L2-orthogonal projector onto Pl(Th): for any
v ∈ L2(Ω),
(Qlhv)|K := QKl (v|K) ∀ K ∈ Th.
The vectorial or tensorial version of Qlh is denoted by Q
l
h. And define Πh as the
global version of ΠK similarly.
The divergence-free nonconforming virtual element method based on the varia-
tional formulation (4.1)-(4.2) for the Stokes problem (1.1) is to find uh ∈ V h and
ph ∈ Qh such that
νah(uh,vh) + bh(vh, ph) = 〈f ,vh〉 ∀ vh ∈ V h,(4.7)
bh(uh, qh) = 0 ∀ qh ∈ Qh,(4.8)
where
ah(uh,vh) :=
∑
K∈Th
aKh (uh,vh), bh(vh, ph) := (divh vh, ph),
〈f ,vh〉 :=
∑
K∈Th
〈f ,vh〉K , 〈f ,vh〉K :=
{
(f ,ΠK(vh|K))K , k = 2,
(f ,QKk−2(vh|K))K , k ≥ 3.
Obviously we have from (3.16)
(4.9) ah(w,v) . ‖εh(w)‖0‖εh(v)‖0 ∀ w,v ∈H1(Th;Rd),
bh(v, p) . ‖εh(v)‖0‖p‖0 ∀ v ∈H1(Th;Rd), p ∈ L2(Ω).
4.2. Inf-sup conditions. To show the well-posedness of the nonconforming virtual
element method (4.7)-(4.8), we derive some stability results.
Denote by Ih : H
1
0(Ω;Rd) → V h the global canonical interpolation operator
based on the degrees of freedom (3.2)-(3.3), i.e., (Ihv)|K := IK(v|K) for any v ∈
H10(Ω;Rd) and K ∈ Th.
Lemma 4.1. We have divh V h = Qh and the inf-sup condition
(4.10) ‖qh‖0 . sup
vh∈V h
bh(vh, qh)
‖vh‖1,h ∀ qh ∈ Qh.
Proof. Due to (2.7), there exist w ∈H10(Ω;Rd) such that
divw = qh, ‖w‖1 . ‖qh‖0.
It follows from (3.26)
divh(Ihw) = Q
k−1
h divw = qh.
By using (3.28), we get
‖Ihw‖1,h ≤ ‖w − Ihw‖1,h + ‖w‖1 . ‖w‖1 . ‖qh‖0.
This ends the proof. 
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Lemma 4.2. We have the inf-sup condition
ν1/2‖εh(u˜h)‖0 + ν−1/2‖p˜h‖0
. sup
vh∈V h,qh∈Qh
νah(u˜h,vh) + bh(vh, p˜h) + bh(u˜h, qh)
ν1/2‖εh(vh)‖0 + ν−1/2‖qh‖0(4.11)
for any u˜h ∈ V h and p˜h ∈ Qh.
Proof. By (4.10), we have the inf-sup condition
ν−1/2‖qh‖0 . sup
vh∈V h
bh(vh, qh)
ν1/2‖εh(vh)‖0 ∀ qh ∈ Qh.
And we get from (3.24)
ν‖εh(vh)‖20 . νah(vh,vh) ∀ vh ∈ V h.
Therefore (4.11) follows from the Babusˇka-Brezzi theory. 
According to the stability result (4.11), the divergence-free nonconforming vir-
tual element method (4.7)-(4.8) is uniquely solvable.
4.3. Error analysis.
Lemma 4.3. Let (u, p) ∈ H10(Ω;Rd) × L20(Ω) be the solution of the Stokes prob-
lem (1.1). Assume u ∈ Hk+1(Ω;Rd), p ∈ Hk(Ω) and f ∈ Hk−1(Ω;Rd). Then it
holds for any vh ∈ V h that
ν(ε(u), εh(vh)) + (divh vh, p)− 〈f ,vh〉
.hk(ν|u|k+1 + |p|k + |f |k−1)‖εh(vh)‖0.(4.12)
Proof. According to (4.3)-(4.4) and (2.14), we have
ν(ε(u), εh(vh)) + (divh vh, p)− (f ,vh)
=
∑
K∈Th
(νε(u)n+ pn,vh)∂K =
∑
F∈F1h
(
ν(ε(u)nF , JvhK)F + (p, Jvh · nF K)F )
=ν
∑
F∈F1h
(ε(u)nF −QFk−1(ε(u)nF ), JvhK)F + ∑
F∈F1h
(p−QFk−1p, Jvh · nF K)F
.hk(ν|u|k+1 + |p|k)‖εh(vh)‖0.
We obtain from (2.13) and (4.5) that
(f ,vh)− 〈f ,vh〉 = (f −Qk−2h f ,vh −Qk−2h vh) . hk|f |k−1‖εh(vh)‖0
for k ≥ 3, and from (3.11), (2.13) and (3.13) that
(f ,vh)− 〈f ,vh〉 = (f −Q0hf ,vh −Πhvh) . h2|f |1‖εh(vh)‖0
for k = 2. Thus combining the last three inequalities yields (4.12). 
Lemma 4.4. Let (u, p) ∈ H10(Ω;Rd) × L20(Ω) be the solution of the Stokes prob-
lem (1.1). Assume u ∈ Hk+1(Ω;Rd) and p ∈ Hk(Ω). Then it holds for any
vh ∈ V h that
(4.13) ah(Ihu,vh)− (ε(u), εh(vh)) . hk|u|k+1‖εh(vh)‖0.
16 HUAYI WEI§, XUEHAI HUANG† AND AO LI§
Proof. Take any qh ∈ Pk(Th;Rd), then
ah(qh,vh) = (εh(qh),Q
k−1
h εh(vh)) = (εh(qh), εh(vh)).
Hence we acquire from (4.9) that
ah(Ihu,vh)− (ε(u), εh(vh))
=ah(Ihu− qh,vh) + (εh(qh − u), εh(vh))
.‖εh(Ihu− qh)‖0‖εh(vh)‖0 + ‖εh(qh − u)‖0‖εh(vh)‖0
.‖εh(Ihu− u)‖0‖εh(vh)‖0 + ‖εh(qh − u)‖0‖εh(vh)‖0,
which means
ah(Ihu,vh)− (ε(u), εh(vh))
.‖εh(u− Ihu)‖0‖εh(vh)‖0 + ‖εh(vh)‖0 inf
qh∈Pk(Th;Rd)
‖εh(u− qh)‖0.
Thus we achieve (4.13) from (3.28) and the Bramble-Hilbert lemma. 
Theorem 4.5. Let (u, p) ∈H10(Ω;Rd)×L20(Ω) be the solution of the Stokes prob-
lem (1.1), and (uh, ph) ∈ V h × Qh be the solution of the divergence-free noncon-
forming virtual element method (4.7)-(4.8). Assume u ∈Hk+1(Ω;Rd), p ∈ Hk(Ω)
and f ∈Hk−1(Ω;Rd). Then it holds
(4.14) ν‖εh(u− uh)‖0 + ‖p− ph‖0 . hk(ν|u|k+1 + |p|k + |f |k−1).
Proof. For any vh ∈ V h and qh ∈ Qh, we get from (4.7)-(4.8), (3.26), the second
equation in problem (1.1) and (4.12)-(4.13) that
νah(Ihu− uh,vh) + bh(vh, Qk−1h p− ph) + bh(Ihu− uh, qh)
=νah(Ihu,vh) + bh(vh, Q
k−1
h p) + bh(Ihu, qh)− 〈f ,vh〉
=νah(Ihu,vh) + bh(vh, p)− 〈f ,vh〉
.hk(ν|u|k+1 + |p|k + |f |k−1)‖εh(vh)‖0.
Then it follows from (4.11) with u˜h = Ihu− uh and p˜h = Qk−1h p− ph
ν1/2‖εh(Ihu− uh)‖0 + ν−1/2‖Qk−1h p− ph‖0
. sup
vh∈V h,qh∈Qh
hk(ν|u|k+1 + |p|k + |f |k−1)‖εh(vh)‖0
ν1/2‖εh(vh)‖0 + ν−1/2‖qh‖0
. hk(ν1/2|u|k+1 + ν−1/2|p|k + ν−1/2|f |k−1).
Hence
ν‖εh(Ihu− uh)‖0 + ‖Qk−1h p− ph‖0 . hk(ν|u|k+1 + |p|k + |f |k−1).
Thus we achieve (4.14) from the triangle inequality, (3.28) and (2.13). 
5. Reduced Virtual Element Method
In this section, we study the reduced version of the nonconforming virtual ele-
ment method (4.7)-(4.8) following the ideas in [7, 17, 26].
Since the solution uh of the discrete method (4.7)-(4.8) is piecewise divergence-
free, it is possible to discretize the velocity in a subspace of V h, such as satisfying
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the divergence-free constraint. To this end, we suggest the local reduced degrees of
freedom N˜k(K)
(v, q)F ∀ q ∈ Pk−1(F ;Rd) on each F ∈ F1(K),(5.1)
(v, q)K ∀ q ∈ G⊕k−2(K).(5.2)
And the reduced space of shape functions is given by
V˜ k(K) := {v ∈H1(K;Rd) : div v ∈ P0(K), there exists some s ∈ L2(K)
such that div ε(v) +∇s ∈ G⊕k−2(K), and
(ε(v)n+ sn)|F ∈ Pk−1(F ;Rd) ∀ F ∈ F1(K)}.
Let the global reduced virtual element space for the velocity
V˜ h := {vh ∈ V h : vh|K ∈ V˜ k(K) for each K ∈ Th},
and the discrete space for the pressure
Q˜h := {qh ∈ L20(Ω) : qh|K ∈ P0(K) for each K ∈ Th}.
Applying the integration by parts, it holds for any v ∈ V˜ k(K) and q ∈ Pk−1(K)
(v,∇q)K = −(div v, q)K + (v · n, q)∂K
= −(div v, QK0 q)K + (v · n, q)∂K = (v · n, q −QK0 q)∂K .
Hence for any v ∈ V˜ k(K), we can compute the L2 projection QKk−2v as follows:
(QKk−2v, q)K = (v, q)K ∀ q ∈ G⊕k−2(K),(5.3)
(QKk−2v,∇q)K = (v · n, q −QK0 q)∂K ∀ q ∈ Pk−1(K).(5.4)
And for any τ ∈ Pk−1(K;S), it follows from the integration by parts
(ε(v), τ )K = −(v,div τ )K + (v, τn)∂K = −(QKk−2v,div τ )K + (v, τn)∂K .
As a result, we can compute the L2 projection QKk−1ε(v) for any v ∈ V˜ k(K) as
(5.5) (QKk−1ε(v), τ )K = −(QKk−2v,div τ )K + (v, τn)∂K ∀ τ ∈ Pk−1(K;S).
Thanks to (5.3)-(5.5), for any v ∈ V˜ k(K), the local projection ΠKk v is computable
based on the degrees of freedom N˜k(K) (5.1)-(5.2).
Theorem 5.1. Let (uh, ph) ∈ V h ×Qh be the solution of the divergence-free non-
conforming virtual element method (4.7)-(4.8), and (u˜h, p˜h) ∈ V˜ h × Q˜h be the
solution of the reduced nonconforming virtual element method
νah(u˜h,vh) + bh(vh, p˜h) = 〈f ,vh〉 ∀ vh ∈ V˜ h,(5.6)
bh(u˜h, qh) = 0 ∀ qh ∈ Q˜h.(5.7)
Then
(5.8) u˜h = uh, p˜h = Q
0
hph.
Proof. First we prove the well-posedness of the reduced virtual element method (5.6)-
(5.7). Due to Q˜h ⊂ Qh and the proof of Lemma 4.1, for any qh ∈ Q˜h, there exists
vh ∈ V h such that
divh vh = qh, ‖vh‖1,h . ‖qh‖0,
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which also means vh ∈ V˜ h, and thus the inf-sup condition
(5.9) ‖qh‖0 . sup
vh∈V˜ h
bh(vh, qh)
‖vh‖1,h ∀ qh ∈ Q˜h.
We get from (3.24) and the fact V˜ k(K) ⊂ V k(K) that
‖εh(vh)‖20 . ah(vh,vh) ∀ vh ∈ V˜ h.
Then we can acquire the unique solvability of the reduced virtual element method (5.6)-
(5.7) following the proof of Lemma 4.2.
Thanks to (4.8), we have divh uh = 0 and thus uh ∈ V˜ h. Taking vh ∈ V˜ h ⊂ V h,
it follows from (4.7) that
νah(uh,vh) + bh(vh, Q
0
hph) = 〈f ,vh〉.
In other words, (uh, Q
0
hph) ∈ V˜ h×Q˜h satisfies (5.6) and (5.7), which together with
the unique solvability of the reduced virtual element method (5.6)-(5.7) indicates
(5.8). 
After obtaining uh and Q
0
hph from the reduced virtual element method (5.6)-
(5.7), we can recover the discrete pressure ph piecewisely. To this end, let p
⊥
h :=
ph −Q0hph and p⊥K := p⊥h |K for each K ∈ Th. And define local homogenous spaces
V k,0(K) := {v ∈ V k(K) : QKG⊕k−2v = 0, and Q
F
k−1v = 0 for each F ∈ F1(K)},
Qk−1,0(K) := Pk−1(K) ∩ L20(K).
Apparently divV k,0(K) ⊂ Qk−1,0(K) and p⊥K ∈ Qk−1,0(K).
Lemma 5.2. The operator div : V k,0(K)→ Qk−1,0(K) is a bijection.
Proof. It is easy to check that div : V k,0(K) → Qk−1,0(K) is an injection. Now
we show that it is also a surjection. For any q ∈ Qk−1,0(K), there exists w ∈
H10(K;Rd) such that
divw = q, ‖w‖1,K . ‖q‖0,K .
Take v ∈ V k,0(K) such that
(v,∇r)K = (w,∇r)K ∀ r ∈ Pk−1(K).
Applying the integration by parts, we get
div v = divw = q.
Thus the operator div : V k,0(K)→ Qk−1,0(K) is a bijection. 
For any v ∈ V k,0(K), let vh ∈ V h be defined as
vh =
{
v in K,
0 in K ′ ∈ Th\K.
Then from (4.7) we get the local problem
(5.10) (div v, p⊥K)K = 〈f ,v〉K − νaKh (uh,v) ∀ v ∈ V k,0(K).
Here we have used the fact that (div v, QK0 ph)K = 0 for any v ∈ V k,0(K). The
local problem (5.10) is well-posed due to Lemma 5.2.
In summary, we decouple the virtual element method (4.7)-(4.8) in the following
way:
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(1) First solve the reduced virtual element method (5.6)-(5.7) to obtain (uh, Q
0
hph);
(2) then solve the local problem (5.10) piecewisely to get p⊥h ;
(3) finally set ph = p
⊥
h +Q
0
hph.
6. Numerical Examples
In this section, some numerical results of the divergence-free nonconforming vir-
tual element method (4.7)-(4.8) are provided to verify Theorem 4.5 and Theo-
rem 5.1. Let the viscosity ν = 1. All of the numerical experiments are implemented
by using the FEALPy package [27].
Example 6.1. Consider the Stokes problem (1.1) on the rectangular domain Ω =
(0, 1)× (0, 1). We choose the exact solution
u = (2pi sin2(pix) cos(piy) sin(piy),−2pi cos(pix) sin(pix) sin2(piy))ᵀ,
p = sinx− sin y.
The right hand side f is derived from the first equation of the Stokes problem (1.1).
The rectangular domain Ω is partitioned by the hexagonal mesh as the left
subfigure in Figure 1. The numerical results of errors ‖u − Πhu˜h‖0, ‖p − p˜h‖0,
‖ε(u)− εh(Πhu˜h)‖0, ‖u−Πhuh‖0 and ‖p− ph‖0 with respect to h for k = 2, 3, 4
are listed in Tables 1-3 and Figures 2-4. We observe that ‖u −Πhuh‖0 = ‖u −
Πhu˜h‖0 = O(hk+1), ‖p − p˜h‖0 = O(h), ‖ε(u) − εh(Πhu˜h)‖0 = O(hk) and ‖p −
ph‖0 = O(hk), which agree with the theoretical error estimates in Theorem 4.5 and
Theorem 5.1. We also show the numerical velocity flow with k = 2 in the right
subfigure in Figure 1.
(a) Hexagonal mesh.
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
−7.0
−6.5
−6.0
−5.5
(b) Numerical velocity.
Figure 1. Hexagonal mesh for the rectangular domain and nu-
merical velocity of Example 6.1 with k = 2.
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Table 1. Numerical results for Example 6.1 with k = 2.
#Th 81 289 1089 4225
‖u−Πhu˜h‖0 1.2902e-02 1.7311e-03 2.1821e-04 2.7361e-05
Order – 2.9 2.99 3.
‖p− p˜h‖0 4.3415e-02 1.7052e-02 8.2185e-03 4.0998e-03
Order – 1.35 1.05 1.
‖ε(u)− εh(Πhu˜h)‖0 4.2922e-01 1.1559e-01 2.9853e-02 7.5778e-03
Order – 1.89 1.95 1.98
‖u−Πhuh‖0 1.2902e-02 1.7311e-03 2.1821e-04 2.7361e-05
Order – 2.9 2.99 3.
‖p− ph‖0 4.9774e-02 9.8765e-03 1.7491e-03 3.0533e-04
Order – 2.33 2.5 2.52
Table 2. Numerical results for Example 6.1 with k = 3.
#Th 81 289 1089 4225
‖u−Πhu˜h‖0 5.1592e-03 3.8987e-04 2.6317e-05 1.6956e-06
Order – 3.73 3.89 3.96
‖p− p˜h‖0 3.3676e-02 1.6276e-02 8.1709e-03 4.0968e-03
Order – 1.05 0.99 1.
‖ε(u)− εh(Πhu˜h)‖0 7.7995e-02 1.1007e-02 1.4528e-03 1.8573e-04
Order – 2.82 2.92 2.97
‖u−Πhuh‖0 5.1592e-03 3.8987e-04 2.6317e-05 1.6956e-06
Order – 3.73 3.89 3.96
‖p− ph‖0 2.6635e-02 3.7259e-03 4.8454e-04 6.1611e-05
Order – 2.84 2.94 2.98
Table 3. Numerical results for Example 6.1 with k = 4.
#Th 81 289 1089 4225
‖u−Πhu˜h‖0 1.9392e-04 5.4638e-06 1.6209e-07 4.9863e-09
Order – 5.15 5.08 5.02
‖p− p˜h‖0 3.2091e-02 1.6246e-02 8.1705e-03 4.0968e-03
Order – 0.98 0.99 1.
‖ε(u)− εh(Πhu˜h)‖0 6.8721e-03 4.2319e-04 2.6384e-05 1.6538e-06
Order – 4.02 4. 4.
‖u−Πhuh‖0 1.9392e-04 5.4638e-06 1.6209e-07 4.9863e-09
Order – 5.15 5.08 5.02
‖p− ph‖0 1.5901e-03 9.8568e-05 6.3658e-06 4.0535e-07
Order – 4.01 3.95 3.97
Example 6.2. Consider the Stokes problem (1.1) on the L-shaped domain Ω =
(−1, 1)× (−1, 1) \ [0, 1)× (−1, 0]. The exact solution is taken as
u = (2(x3 − x)2(3y2 − 1)(y3 − y), (3x2 − 1)(−2x3 + 2x)(y3 − y)2)ᵀ,
p =
1
x2 + 1
− pi
4
.
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Figure 2. Convergence rates of Example 6.1 with k = 2.
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Figure 3. Convergence rates of Example 6.1 with k = 3.
The exact solution (u, p) is smooth although Ω is nonconvex. We also partition
the L-shaped domain Ω into the hexagonal mesh. We present the hexagonal mesh
and the corresponding numerical velocity flow with k = 2 in Figure 5. By the
numerical results in Tables 4-6 and Figures 6-8 for k = 2, 3, 4, we can see that
‖u−Πhuh‖0 = ‖u−Πhu˜h‖0 = O(hk+1), ‖p−p˜h‖0 = O(h), ‖ε(u)−εh(Πhu˜h)‖0 =
O(hk) and ‖p− ph‖0 = O(hk), which coincide with the theoretical error estimates
in Theorem 4.5 and Theorem 5.1 once again.
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Figure 4. Convergence rates of Example 6.1 with k = 4.
(a) Hexagonal mesh.
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(b) Numerical velocity.
Figure 5. Hexagonal mesh for the L-shaped domain and numer-
ical velocity of Example 6.2 with k = 2.
References
[1] G. Acosta, R. G. Dura´n, and M. A. Muschietti. Solutions of the divergence operator on John
domains. Adv. Math., 206(2):373–401, 2006.
[2] P. F. Antonietti, L. Beira˜o da Veiga, D. Mora, and M. Verani. A stream virtual element
formulation of the Stokes problem on polygonal meshes. SIAM J. Numer. Anal., 52(1):386–
404, 2014.
[3] D. N. Arnold. Finite element exterior calculus. Society for Industrial and Applied Mathe-
matics (SIAM), Philadelphia, PA, 2018.
DIVERGENCE-FREE NONCONFORMING VIRTUAL ELEMENTS 23
Table 4. Numerical results for Example 6.2 with k = 2.
#Th 65 225 833 3201
‖u−Πhu˜h‖0 3.5827e-03 6.6167e-04 9.2871e-05 1.2026e-05
Order – 2.44 2.83 2.95
‖p− p˜h‖0 6.5700e-02 3.3869e-02 1.7176e-02 8.6490e-03
Order – 0.96 0.98 0.99
‖ε(u)− εh(Πhu˜h)‖0 6.7184e-02 2.3092e-02 6.8821e-03 1.8805e-03
Order – 1.54 1.75 1.87
‖u−Πhuh‖0 3.5827e-03 6.6167e-04 9.2871e-05 1.2026e-05
Order – 2.44 2.83 2.95
‖p− ph‖0 1.4686e-02 4.2207e-03 1.0318e-03 2.2019e-04
Order – 1.8 2.03 2.23
Table 5. Numerical results for Example 6.2 with k = 3.
#Th 65 225 833 3201
‖u−Πhu˜h‖0 1.4491e-03 1.4284e-04 1.2344e-05 9.3605e-07
Order – 3.34 3.53 3.72
‖p− p˜h‖0 6.5384e-02 3.3801e-02 1.7169e-02 8.6485e-03
Order – 0.95 0.98 0.99
‖ε(u)− εh(Πhu˜h)‖0 1.9370e-02 3.8200e-03 6.4480e-04 9.4982e-05
Order – 2.34 2.57 2.76
‖u−Πhuh‖0 1.4491e-03 1.4284e-04 1.2344e-05 9.3605e-07
Order – 3.34 3.53 3.72
‖p− ph‖0 8.3321e-03 1.5696e-03 2.6974e-04 4.0544e-05
Order – 2.41 2.54 2.73
Table 6. Numerical results for Example 6.2 with k = 4.
#Th 65 225 833 3201
‖u−Πhu˜h‖0 1.7276e-04 8.7937e-06 3.4070e-07 1.0971e-08
Order – 4.3 4.69 4.96
‖p− p˜h‖0 6.5185e-02 3.3794e-02 1.7168e-02 8.6484e-03
Order – 0.95 0.98 0.99
‖ε(u)− εh(Πhu˜h)‖0 3.9316e-03 4.4442e-04 3.6701e-05 2.5670e-06
Order – 3.15 3.6 3.84
‖u−Πhuh‖0 1.7276e-04 8.7937e-06 3.4070e-07 1.0971e-08
Order – 4.3 4.69 4.96
‖p− ph‖0 1.6127e-03 1.9908e-04 1.5447e-05 9.8164e-07
Order – 3.02 3.69 3.98
[4] D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus, homological
techniques, and applications. Acta Numer., 15:1–155, 2006.
[5] B. Ayuso de Dios, K. Lipnikov, and G. Manzini. The nonconforming virtual element method.
ESAIM Math. Model. Numer. Anal., 50(3):879–904, 2016.
24 HUAYI WEI§, XUEHAI HUANG† AND AO LI§
102 103
10−5
10−4
10−3
10−2
10−1
||u−Πhu˜h||0
CN−1.4664
||p− p˜h||0
CN−0.5201
||ε(u)− εh(Πhu˜h)||0
CN−0.9188
||u−Πhuh||0
CN−1.4664
||p− ph||0
CN−1.0783
Figure 6. Convergence rates of Example 6.2 with k = 2.
102 103
10−6
10−5
10−4
10−3
10−2
10−1
||u−Πhu˜h||0
CN−1.8836
||p− p˜h||0
CN−0.5189
||ε(u)− εh(Πhu˜h)||0
CN−1.3645
||u−Πhuh||0
CN−1.8836
||p− ph||0
CN−1.3647
Figure 7. Convergence rates of Example 6.2 with k = 3.
[6] L. Beira˜o da Veiga, F. Dassi, and G. Vacca. The Stokes complex for virtual elements in three
dimensions. arXiv:1905.01579, 2019.
[7] L. Beira˜o da Veiga, C. Lovadina, and G. Vacca. Divergence free virtual elements for the
Stokes problem on polygonal meshes. ESAIM Math. Model. Numer. Anal., 51(2):509–535,
2017.
[8] C. Bernardi, M. Costabel, M. Dauge, and V. Girault. Continuity properties of the inf-sup
constant for the divergence. SIAM J. Math. Anal., 48(2):1250–1271, 2016.
DIVERGENCE-FREE NONCONFORMING VIRTUAL ELEMENTS 25
102 103
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
||u−Πhu˜h||0
CN−2.4810
||p− p˜h||0
CN−0.5182
||ε(u)− εh(Πhu˜h)||0
CN−1.8853
||u−Πhuh||0
CN−2.4810
||p− ph||0
CN−1.9069
Figure 8. Convergence rates of Example 6.2 with k = 4.
[9] D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications. Springer,
Heidelberg, 2013.
[10] S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods. Springer,
New York, third edition, 2008.
[11] S. C. Brenner and L.-Y. Sung. Virtual element methods on meshes with small edges or faces.
Math. Models Methods Appl. Sci., 28(7):1291–1336, 2018.
[12] E. Ca´ceres and G. N. Gatica. A mixed virtual element method for the pseudostress-velocity
formulation of the Stokes problem. IMA J. Numer. Anal., 37(1):296–331, 2017.
[13] A. Cangiani, V. Gyrya, and G. Manzini. The nonconforming virtual element method for the
Stokes equations. SIAM J. Numer. Anal., 54(6):3411–3435, 2016.
[14] L. Chen, J. Hu, and X. Huang. Fast auxiliary space preconditioners for linear elasticity in
mixed form. Math. Comp., 87(312):1601–1633, 2018.
[15] L. Chen and X. Huang. Nonconforming virtual element method for 2mth order partial dif-
ferential equations in Rn. Math. Comp., 89(324):1711–1744, 2020.
[16] L. Chen and F. Wang. A divergence free weak virtual element method for the Stokes problem
on polytopal meshes. J. Sci. Comput., 78(2):864–886, 2019.
[17] A. Chernov and L. Mascotto. The harmonic virtual element method: stabilization and expo-
nential convergence for the Laplace problem on polygonal domains. IMA J. Numer. Anal.,
39(4):1787–1817, 2019.
[18] B. Cockburn, G. Kanschat, and D. Scho¨tzau. A note on discontinuous Galerkin divergence-
free solutions of the Navier-Stokes equations. J. Sci. Comput., 31(1-2):61–73, 2007.
[19] M. Costabel and M. Dauge. On the inequalities of Babusˇka-Aziz, Friedrichs and Horgan-
Payne. Arch. Ration. Mech. Anal., 217(3):873–898, 2015.
[20] M. Costabel and A. McIntosh. On Bogovski˘ı and regularized Poincare´ integral operators for
de Rham complexes on Lipschitz domains. Math. Z., 265(2):297–320, 2010.
[21] M. Crouzeix and P.-A. Raviart. Conforming and nonconforming finite element methods for
solving the stationary Stokes equations. I. Rev. Franc¸aise Automat. Informat. Recherche
Ope´rationnelle Se´r. Rouge, 7(R-3):33–75, 1973.
[22] X. Huang. Nonconforming virtual element method for 2m-th order partial differential equa-
tions in Rn with m > n. arXiv:1910.12485, 2019.
[23] R. Jiang and A. Kauranen. Korn’s inequality and John domains. Calc. Var. Partial Differ-
ential Equations, 56(4):Art. 109, 18, 2017.
26 HUAYI WEI§, XUEHAI HUANG† AND AO LI§
[24] V. John, A. Linke, C. Merdon, M. Neilan, and L. G. Rebholz. On the divergence constraint
in mixed finite element methods for incompressible flows. SIAM Rev., 59(3):492–544, 2017.
[25] X. Liu, J. Li, and Z. Chen. A nonconforming virtual element method for the Stokes problem
on general meshes. Comput. Methods Appl. Mech. Engrg., 320:694–711, 2017.
[26] L. Mascotto, I. Perugia, and A. Pichler. Non-conforming Harmonic Virtual Element Method:
h- and p-Versions. J. Sci. Comput., 77(3):1874–1908, 2018.
[27] H. Wei. Fealpy: Finite element analysis library in python. https://github.com/weihuayi/
fealpy, Xiangtan University, 2017-2020.
[28] X. Xie, J. Xu, and G. Xue. Uniformly-stable finite element methods for Darcy-Stokes-
Brinkman models. J. Comput. Math., 26(3):437–455, 2008.
[29] J. Zhao, B. Zhang, S. Mao, and S. Chen. The divergence-free nonconforming virtual element
for the Stokes problem. SIAM J. Numer. Anal., 57(6):2730–2759, 2019.
§ Hunan Key Laboratory for Computation and Simulation in Science and Engineer-
ing; School of Mathematics and Computational Science, Xiangtan University, Xiangtan
411105, P.R.China
E-mail address: weihuayi@xtu.edu.cn, 201721511166@smail.xtu.edu.cn
† School of Mathematics, Shanghai University of Finance and Economics, Shanghai
200433, China
E-mail address: huang.xuehai@sufe.edu.cn
